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Lyapunov [17] (edge of chaos) [4],

























Kolmogorov 2 $T^{2}((x, y)\in[0,2\pi]\cross[0,2\pi])$ Navier-
Stokes
$\partial_{t}(+u\cdot\nabla\zeta=\frac{1}{R}(\Delta\zeta-n^{3}$ $C$O$S$ $ny)$ , (1)
$u=u(x, y, t)=(u, v)$ $\zeta$ $=\zeta(x, y, t)=\partial_{x}v-\partial_{y}u$ $R$
Reynolds $n$ (1)







$\zeta(x, y, t)=\sum_{k=-K}^{K,L},$ $\zeta_{kl}(t)e^{i(kx+ly)}$ , (2)
(1) alias 2/3
$24\cross 24$ , $7\cross 7$ $(K=L=7)$ .
(
$30\cross 30$ , $8\cross 8$ ). Kolmogorov
$(\zeta_{-K,-L}^{R}(t), \zeta_{-K,-L}^{I}(t), \cdots, \zeta_{K,L}^{R}(t) , \zeta_{K,L}^{I}(t))\in \mathbb{R}^{N}(N=2(2K+1)(2L+1))$ , (3)
$\zeta_{kl}^{R}(t),$ $\zeta_{kl}^{I}(t)$ Fourier $\zeta_{kl}(t)$
$\zeta(z, y, t)$ Fourier $\zeta_{kl}(t)=\zeta_{-k-l}^{*}(t)$
( $c^{*}$ $c\in \mathbb{C}$ ) . $\zeta_{00}$ Kolmogorov
$( \partial_{t}\int_{T^{2}}\zeta dxdy=0)$ . Kolmogorov
( ) $N=(2K+1)(2L+1)-1=224$ 4
Runge-Kutta $\Downarrow\rangle$ , $\triangle t=5.0\cross 10^{-3}$
Lyapunov
$t=1.00\cross 10^{4}$ $t=17.0\cross 10^{4}$
Lyapunov $t=1$
Lyapunov $N$ $x_{m}=$
$F(x_{m-1})$ Lyapunov $v_{m}^{j}(j=1,2, \cdots N)$ ( )
( ) Lyapunov $\lambda_{j}$
$(\lambda_{1}\geq\lambda_{2}\geq\cdots\geq\lambda_{N})$
$\lambda_{j}=\lim_{marrow\infty}\frac{1}{m}\log\frac{||v_{m}^{j}||}{||v_{0}^{j}||}$ , $v_{m+1}^{j}=dF(x_{m})v_{m}^{j}$ , (4)
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Fig.1 Lyapunov exponents $\lambda_{i}(i=1,2, \cdots 5, \lambda_{1}\geq\lambda_{2}\geq\cdots\geq\lambda_{5})$ . The horizon-
tal axis is Reynolds number $R/R_{cr}(18.0\leq R/R_{cr}\leq 25.0)$ . Inset; Lyapunov
dimension $D_{L}$ .
Lyapunov Lyapunov
/ ( / ) Lyapunov
Lyapunov /
$\theta$
$\theta=\cos^{-1}$ $\max$ $(u, v)$ , (5)
$u\in E^{\epsilon},v\in E^{u}||u||--||v||=1$
$E^{u},$ $E^{s}$ / Lyapunov Lyapunov
/ (principal angle)
[3]. $\theta$
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Fig.2 Close-up $(0\leq\theta\leq 0.1[rad])$ of Probability density functions of the an-
gle between the local stable and unstable manifolds $P(\theta)$ at Reynolds number
$R/R_{cr}=20.0,21.0,22.0,23.0,24.0hom$ top to bottom (linear-log plot).
3 Lyapunov
Kolmogorov Lyapunov Fig.1 Lyapunov
$\lambda_{i}(i=1,2, \cdots 5)$ Reynolds Lyapunov Reynolds
$R/R_{cr}=18.0$
$(\lambda_{1}=\lambda_{2}=0, \lambda_{i}\leq 0for^{\forall}i),$ $R/R_{cr}\simeq 18.2$
$(\lambda_{1}>0)$ , $R/R_{cr}>23.0\sim$ 2 Lyapunov
$(\lambda_{1}>\lambda_{2}>0)$ . Fig. 1 Lyapunov $D_{L}=K+ \frac{1}{|\lambda_{K+1}|}\sum_{i=1}^{K}\lambda_{i}$ (
$K= \max\{m|\sum_{j=1}^{m}\lambda_{j}\geq 0\})$ Lyapunov $3.5<D_{L}<\sim\sim 5.5$








Fig.3 The ensemble averaged time-correlation functions $\langle\rho(\tau)\rangle/\langle\rho(0)\rangle$ . Enlarge-
ment of the time-correlation functions in $0\leq\tau\leq 10$ is shown in the inset.
Fig.2 $(0\leq\theta\leq 0.1$ [rad] $)$












Fig.4 Joint probability density functions of the energy dissipation rate $\epsilon$ and the
angle $\theta$ . The horizontal axis is the angle $\theta$ , the vertical axis is the energy dissipa-
tion rate $\epsilon$ and the contour is the joint PDF at $R/R_{cr}=20.0(a),$ $22.0(b),$ $24.0(c)$ .
$(x’, y’)=(\pi/4, \pi/4)$ $\zeta(t)=\zeta(x’, y’, t)$ $\rho(\tau)$
$\rho(\tau)=\lim_{Tarrow\infty}\frac{1}{T}\int_{0}^{T}\hat{\zeta}(t)\hat{\zeta}(t-\tau)dt$. (6)
Fig.3 $\langle\rho(\tau)\rangle/\langle\rho(0)\rangle$ $\hat{\zeta}(t)$ $\hat{\zeta}(t)=$
$\zeta(t)-\overline{\zeta}$ $\langle\cdot\rangle$ 60
$T=2.0\cross 10^{5}$ Reynolds $R/R_{cr}=20.0,21.0,22.0,23.0,24.0$










$P(\theta, \epsilon)$ Fig.4 Reynolds (a) $R/R_{cr}=20.0,(b)R/R_{cr}=22.0,(c)$
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